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We study the nontrivial interplay of the well known pairing and the more complex quarteting
correlations in the particular case of N > Z atomic nuclei. Within the new Analytical Disentangled
Condensate model, by implementing the notion of fractional degeneracy we obtain the clear physical
picture of a rather weakly interacting mixture of quartet and neutron pair condensates which mainly
feel each other’s influence through Pauli blocking. The basic idea of our approach may be generalized
in order to scrutinize the extent to which similar manifestations are present in various many-body
systems.
After more than 60 years the pairing correlations,
so pervasive in condensed matter, nuclear [1] and par-
ticle physics [2], are still actively investigated. In nu-
clear physics in particular, the richness of many body
effects is substantially influenced by presence of two
fermion species, protons and neutrons. The existence
of four spin-isospin possible combinations allows the
formation of strongly correlated four-particle struc-
tures, known as quartets, due to the nuclear attractive
force. As a result, the α-particle is characterized by a
large binding energy. In heavy nuclear systems, this
structure survives as an α-cluster, as can be seen from
the binding energies. In condensed matter systems,
conceptually related manifestations may be identified,
for example the formation and condensation of bi-
excitons in semiconductors [3] or the existence of a
quartet superfluid phase in a system of fermionic cold
atoms trapped in a one-dimensional optical lattice (see
Ref. [4] and references therein). In nuclear systems,
α-particles can appear only at relative low nuclear
densities [7] on the nuclear surface of α-decaying nu-
clei [8]. From a theoretical viewpoint, the main dif-
ficulty is connected to strong antisymmetrization ef-
fects between nucleons entering α-like structures. On
the one hand, coordinate space approaches like the
THSR ansatz [5] have been successfully applied only
to light nuclei or to heavy nucleus+α systems, e.g.
212Po=208Pb+α [6]. On the other hand, configuration
space approaches based on correlated quartet struc-
tures were recently proven to describe very precisely
the four body correlations induced by the residual nu-
clear interaction [9–19], in bothN = Z andN > Z nu-
clei. A unified microscopic description of real space α
clustering and configuration (shell model) space quar-
tet correlations is an open problem in theoretical nu-
clear physics.
Moreover, in N > Z nuclei, it is necessary to con-
sider the interplay of quartet and neutron pair correla-
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tions. In this work, we aim to provide a clearer phys-
ical picture of such systems by developing new theo-
retical many body methods based on recent advances
in the analytical description of pairing and quartet-
ing correlations [20]. We consider N neutrons and
Z protons moving outside a self-conjugate inert core
which interact through a charge-independent pairing
force. The corresponding isovector pairing Hamilto-
nian is applicable to both spherical and deformed nu-
clei,
H =
Nlev∑
i=1
ǫiNi,0 +
∑
τ=0,±1
Nlev∑
i,j=1
VijP
†
i,τPj,τ , (1)
where i, j denote the single particle doubly-degenerate
states and ǫi refers to the single particle ener-
gies; a time conjugated state will be denoted
by i¯. The Ni,0 operator counts the total num-
ber of particles, Ni,0 =
∑
τ=pi,ν
(
c†i,τ ci,τ + c
†
i¯,τ
ci¯,τ
)
,
whereas the isovector triplet of pair operators is
given by P †i,1 = c
†
i,νc
†
i¯,ν
, P †i,−1 = c
†
i,pic
†
i¯,pi
, P †i,0 =
1√
2
(
c†i,νc
†
i¯,pi
+ c†i,pic
†
i¯,ν
)
.
We adopt the Quartet Condensation Model frame-
work, where first one defines a set of collective ππ,
νν and πν Cooper pairs Γ†τ (x) ≡
∑Nlev
i=1 xiP
†
i,τ ,
which depend on a set of mixing amplitudes xi,
i = 1, 2, ..., Nlev. A collective quartet operator is
then constructed by coupling two collective pairs to
the total isospin T = 0, Q†(x) ≡ [Γ†Γ†]T=0
S=0
≡
2Γ†1(x)Γ
†
−1(x) −
(
Γ†0(x)
)2
. In the case of N = Z nu-
clei, the ground state of the Hamiltonian (1) may be
described as a “condensate” of such α-like quartets,
|Ψq(x)〉 =
(
Q†(x)
)nq |0〉, where nq is the number of
quartets. For N > Z nuclei it turns out that, in ad-
dition to the quartet condensate, a pair condenstate
accounting for the excess neutrons must be considered
[11]. In this case the ground state may be written as
|Ψ(x, y)〉 = [Q†(x)]nq
[
Γ†1(y)
]np |0〉, where the num-
ber of excess neutron pairs is np = (N − Z)/2 and
2nq is the maximum number of quartets that may be
constructed, nq = (N +Z − 2np)/4. The concept of a
“condensate” is used here to denote the state obtained
by acting with the same operator a number of times
on the vacuum, and should not be confused with an
ideal boson-type condensate.
By construction, the above state has a well defined
particle number and isospin, the latter being defined
by the excess neutrons, T = np. Its structure is
defined by the mixing amplitudes xi and yi, which
are determined numerically by the minimization of
the Hamiltonian expectation value subject to the unit
norm constraint, i.e.
δ〈Ψ(x, y)|H |Ψ(x, y)〉 = 0 , 〈Ψ(x, y)|Ψ(x, y)〉 = 1 .
There currently exist two equivalent approaches
used in order to compute these quantities. The
method proposed in [9, 11] makes use of the
recurrence relations obeyed by the matrix ele-
ments of the pair, number of particle and isospin
operators in the auxiliary basis |n1n2n3n4〉 =
[Γ†1(x)]
n1 [Γ†−1(x)]
n2 [Γ†0(x)]
n3 [Γ†1(y)]
n4 |0〉 of states hav-
ing a well defined number of each kind of pairs. The
analytical relations method recently proposed in Ref.
[20] involves the symbolic evaluation of norm and
Hamiltonian average starting from the basic SO(5)
algebra of pair, isospin and number of particle oper-
ators. We refer the reader to Ref. [20] for a more
detailed comparison of the two methods.
In this work we introduce a unified approach which
combines the benefits of the previously described pro-
cedures. Namely, using the very recently developed
computing capabilities of the Cadabra2 computer al-
gebra system [21], it has been possible to implement
symbolically the derivation algorithm of the recur-
rence relations (presented e.g. in Refs. [10, 16]). They
are then employed to obtain the analytical form of the
the quantities of interest for the model. This more
refined procedure ensures a two order of magnitude
improvement in the running times of the symbolic
evaluation code, as opposed the basic SO(5) algebra
implementation. As a consequence, the significantly
more complex cases of N > Z nuclei and of isoscalar
pairing may now be easily tackled from an analyti-
cal perspective. For simplicity, in this work we limit
ourselves to the description of the isovector pairing
correlations in N > Z nuclei. Analogously to the
case of N = Z nuclei, the norm and the Hamilto-
nian average as functions of the mixing amplitudes
may be expressed as 〈Ψ(x, y)|Ψ(x, y)〉 = N (x, y),
H(x, y) ≡ 〈Ψ(x, y)|H |Ψ(x, y)〉 = E(x, y) + v(x, y), for
a given number of quartets and pairs. These are poly-
nomial functions which may be conveniently expressed
in terms of the sums of powers of the mixing ampli-
tudes x and y, i.e. Σα,β =
∑Nlev
i=1 x
α
i y
β
i , Eα,β =∑Nlev
i=1 ǫi x
α
i y
β
i , Vα,β;γ,δ =
∑Nlev
i,j=1 Vij x
α
i y
β
i x
γ
j y
δ
j ,
and Uα,β =
∑Nlev
i=1 Vii x
α
i y
β
i .
As an example, we present the formula of the inter-
action term for the nq = np = 1 case,
v(nq=1,np=1) = 6V0,1;0,1(Σ2,0)2 + 3Σ4,0V0,1;0,1 −
24Σ2,0V0,1;2,1 − 10V0,1;4,1 − 3V2,1;2,1 + 28Σ2,0U2,2 +
5U4,2 + 3Σ0,2U4,0 + 12Σ0,2Σ2,0V1,0;1,0 −
12Σ2,2V1,0;1,0 − 24Σ2,0V1,0;1,2 − 20V1,0;3,2 +
12Σ0,2V1,0;3,0 − 12V1,2;3,0 + 4Σ3,1V0,1;1,0 +
4Σ1,1V0,1;3,0 + 12Σ1,1V1,0;2,1 + 8Σ1,1Σ2,0V0,1;1,0 +
4V1,0;1,0(Σ1,1)2 + 4Σ1,1U3,1 .
The presence of additional neutron pairs leads to
much more complex expressions than in the case of
states composed just of quartets. For this reason,
we limit ourselves to this relation to illustrate our
method; the symbolic code is freely available upon
request and may be used to compute any case of in-
terest.
The QCM has been proven to describe with very
good precision the competition between the α-like
four-body correlations and the conventional pairing
correlations in asymmetric nuclei with both isovector
and isoscalar proton-neutron pairing [11, 16]. In par-
ticular, the analysis of the Schmidth number in Ref.
[11] led to the conclusion that the nucleons experience
a stronger degree of entanglement in the complete pic-
ture of quartet and pair condensates than in the case
of just a product state of neutron pair and proton pair
condensates. In the following, we shall analyze more
in depth the interplay of quartet and neutron pair
structures by trying to give a more definite answer to
the questions:
a) How much do the quartet structures contribute
to the total amount of correlations?
b) How much do the neutron pairs contribute?
c) What about the quartet-pair correlations?
FIG. 1: The pictorial representation of our approach: the
asymmetric proton-neutron system is disentangled into a
condensate of symmetric quartets and a condensate of neu-
tron pairs. The opacity of each dot is proportional to the
average level occupation 〈ni〉 for either neutrons (red dots)
or protons (blue dots). In the disentangled case, the lenght
of each level line is related to the effective fractional degen-
eracy of the corresponding level, Ωi (see also the discussion
of Eq. (3) below). They are coupled by the effective Pauli
blocking conditions Ω
(quartets)
i = 1−〈ni〉
(pairs) , Ω
(pairs)
i =
1− 〈ni〉
(quartets).
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FIG. 2: Average neutron and proton level occupations 〈ni,τ 〉 = 〈Ni,τ 〉/(2ji + 1), τ = pi, ν, versus the spherical state
index i computed with the Bonn A isovector pairing interaction for the nuclei 110Te (a),112Xe (b) and 118Ba (c), within
the QCM (solid lines) and ADC (dashed lines) approaches. In the ADC approach, we identify the proton and neutron
occupancies as 〈npi,i〉 ≡ 〈ni〉
(QCM) and, respectively, 〈nν,i〉 ≡ 〈ni〉
(QCM) + 〈ni〉
(PBCS).
We shall provide an answer to these questions in the
framework of the Analytical Disentangled Condensate
model (ADC), described below. Within this approach,
a clear separation is performed between the excess
neutron subsystem and the subsystem made of quar-
tets. The excess neutron pairs and quartets are con-
sidered to be perfectly independent of each other, ex-
cept for the fact that they live in model spaces whose
dimensionality is reduced due to the each other’s ef-
fective Pauli blocking. Therefore we treat the excess
neutron subsystem within a number projected BCS
(PBCS) description and the quartet subsystem within
a standard QCM approach for equal numbers of pro-
tons and neutrons. We find the ground state of the
system in the separable approximation by minimizing
the total energy function:
HADC(x, y) = H(QCM)nq (x) +H(PBCS)np (y) (2)
We use the analytical formulas presented in Ref.
[20] to compute the quartet contribution H(QCM)nq (x)
for the QCM case of nq quartets and the analogous for-
mulas for the PBCS case (which can be easily derived
using the above mentioned symbolic codes) in order
to evaluate the excess neutron pair term H(PBCS)np (y),
with the same isovector pairing interaction matrix el-
ements in both cases.
The main point of ADC is that we consider the two
subsystems as interacting only through each other’s
Pauli blocking. To achieve this, we consider the gen-
eralization of the previously defined sums of mixing
amplitudes to the case of degenerate levels. If a num-
ber of levels Ωi share the same energy ǫi, and further-
more the interaction matrix elements are equal within
each degenerate subspace, the corresponding general-
izations for the Σ, E , V and U sums are trivial, e.g.
Σα(x; Ω) =
∑
i Ωi x
α
i for the standard quarteting
case of Ref. [20]. Here Ωi is an integer representing
the number of distinct (doubly-degenerate) levels ǫi.
In what follows, we take this interpretation a step
further and define the analytical continuation of the
model also to the case of arbitrary non-integer degen-
eracy values, of particular interest being the case of
fractional degeneracies Ωi < 1. Namely, each model
(QCM or PBCS) is solved by minimizing the usual en-
ergy function (whose analytical expression is derived
in the standard rigourous way) with respect to the
mixing amplitudes, e.g. δxH(QCM)nq (x; Ω) = 0, for any
given values of the level degeneracies. This allows us
to implement mathematically the Pauli blocking ef-
fective space reduction for quartets and pairs by de-
manding that
Ω
(QCM)
i = 1− 〈ni〉(PBCS) ,
Ω
(PBCS)
i = 1− 〈ni〉(QCM) ,
(3)
where the average level occupations are de-
fined by the analytic formulas of 〈ni〉(PBCS) ≡
〈PBCS|N1/2|PBCS〉 and 〈ni〉(QCM) ≡
〈QCM |N0/4|QCM〉 as functions of the respec-
tive mixing amplitudes and degeneracies. The
problem is then solved self-consistenly, namely for
each set of the mixing amplitudes the corresponding
pair and quartet effective degeneracies are computed
by iterating Eqs. (3) until convergence is achieved.
The model is schematically represented in Fig. 1.
We apply these ideas to the study of the isovec-
tor pairing correlations in the nuclei above 100Sn.
We consider the same model space and interaction
as in Refs. [9, 11], namely the spherical spectrum
ǫ2d5/2 = 0.0MeV, ǫ1g7/2 = 0.2MeV, ǫ2d3/2 = 1.5MeV
and ǫ3s1/2 = 2.8MeV together with the effective Bonn
A isovector pairing potential of Ref. [22]. Let us
observe in Fig. 2 that in all considered cases the
separable ADC treatment reproduces remarkably well
the rigourous QCM results regarding both proton and
neutron average level occupancies, even for a signif-
icant number of valence particle (the largest being
4TABLE I: Correlation energies in the rigourous approach
Eexactcorr and in the separable case E
ADC
corr , together with the
distribution of the correlation energy among quartets and
pairs from Eq. (2) and the quartet-pair correlation energy
Eq−pcorr = E
exact
corr − E
ADC
corr , versus the number of quartets
and pairs. All energies are expressed in MeV.
Nucleus nq np E
exact
corr E
ADC
corr E
q
corr E
p
corr E
q−p
corr
Eq−pcorr
nq · np
108Te 1 2 5.96 5.37 2.81 2.56 0.54 0.295
110Te 1 3 6.64 5.77 2.29 3.48 0.87 0.29
112Xe 2 2 8.24 7.10 4.68 2.42 1.14 0.285
114Xe 2 3 8.40 6.73 3.67 3.06 1.67 0.28
118Ba 3 3 9.10 6.72 4.16 2.56 2.28 0.26
18 for 118Ba). This is a strong argument that the
mismatch in correlation energy between the rigorous
QCM and the ADC treatments should be interpreted
as the correlation energy between the quartet and ex-
cess neutron pair subsystems.
We have summarized in Table I the correlation en-
ergies in the rigourous QCM approach Eexactcorr and in
the separable case EADCcorr , together with the distri-
bution of the correlation energy among quartets and
pairs from Eq. (2) and the quartet-pair correlation
energy Eq−pcorr = E
exact
corr −EADCcorr , versus the number of
quartets and pairs. As a general trend, we observe
that quartets and excess neutron pairs bring similar
contributions in terms of correlation energy per par-
ticle. It it however remarkable that the quartet-pair
correlations grow slower than nq · np with increasing
mass number. Specifically, our results indicate that
for a small particle number, e.g. 108Te, the system
may be approximated with 90% accuracy by indepen-
dent quartets and neutron pairs, while for the heavier
118Ba this picture is true to about 75%, as seen from
the ratio Eq−pcorr/E
exact
corr .
In conclusion, we have succeeded in developing a
new treatment of many body correlations which pro-
vides a very clear physical picture for the N > Z
nuclear systems, in the form of a separable approach
based on the analytical method for pairing and quar-
teting correlations. Our results strongly indicate that
in the ground state of N > Z nuclei the isovector
pairing interaction induces a rather weakly interact-
ing mixture of quartet and neutron pair condensates,
which mainly feel each other’s influence through Pauli
blocking.
This new kind of disentangling approach has the po-
tential of greatly simplifying a wide range of physical
many-body problems.
It would be extremely interesting to conduct a sim-
ilar investigation in the framework of the exact solu-
tions for the isovector and standard pairing cases, in
terms of the Richardson equations analytically con-
tinued to fractional degeneracies, for various pairing
regimes. Our approach may also be easily generalized
to the description of excited states and to the case
of combined isovector-isoscalar pairing. The separa-
ble treatment allows, by construction, a description
of quartet correlations in a boson formalism along the
lines of [23], which will be the subject of future works.
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